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Introduction
In 1969 Kunz [17] proved that a commutative Noetherian local ring of prime characteristic is regular if and only if some (equivalently, every) power of the Frobenius endomorphism is flat. Subsequently, the Frobenius map has been employed to great effect to study homological properties of commutative Noetherian local rings; see [20] , [10] , [23] , [16] , [4] and [3] , for example. In this paper, we explore characterizations of Gorenstein rings using the Frobenius map, or more generally, contracting endomorphisms. Results of this type have been obtained by Iyengar and SatherWagstaff [14] , Goto [9] , Rahmati [21] , Marley [18] , and others. Our primary goal is to obtain characterizations for a local ring to be Gorenstein in terms of one or more vanishings of derived functors in which one of the modules is viewed as an R-module by means of a contracting endomorphism (i.e., via restriction of scalars). A prototype of a result of this kind for regularity is given by Theorem 1.1 below.
Let R be a commutative Noetherian local ring with maximal ideal m and φ : R → R an endomorphism which is contracting, i.e., φ i (m) ⊆ m 2 for some i. For an R-module M , let φ M denote the abelian group M viewed as an R-module via φ; i.e., r · m := φ(r)m for r ∈ R and m ∈ φ M . A far-reaching generalization of Kunz's result due to Avramov, Hochster, Iyengar and Yao [3] states that if there exists a nonzero finitely generated R-module M such that φ M has finite flat dimension or finite injective dimension, then R is regular. We can rephrase this result in terms of vanishing of derived functors as follows: One of our aims is to find results similar to this for Gorenstein rings. We are unable to find such a result which applies to all contracting endomorphisms, but only for those in which the image of the maximal ideal lies in a sufficiently high power of itself. One power which suffices is given by a constant first introduced in [3] and later modified in [8] . This constant, which we denote by c(R), is defined in terms of derived Loewy lengths of Koszul complexes of systems of parameters of R (see Definition 2.3).
Below is one of the characterizations we are able to prove (Corollary 3.3); additional ones are given in Section 3. 
Our methods require d + 1 consecutive vanishings of Tor (respectively, Ext), rather than a single vanishing as in Theorem 1.1, although we know of no examples where a single vanishing in degree greater than the dimension does not suffice to imply R is Gorenstein.
Finally, we prove another characterization (Proposition 3.7) for Gorenstein rings which uses contracting endomorphisms in a different way: We prove most of our results in the context of complexes where the arguments are more transparent as well as being more general. For notation and terminology regarding complexes and the derived category, we refer the reader to [5] or [12] .
Preliminaries
In this section we summarize results on homotopical Loewy length, flat dimension, and injective dimension which will be needed in Section 3. Throughout this section (R, m, k) denotes a local (which also means commutative and Noetherian) ring of arbitrary characteristic, with maximal ideal m and residue field k. We let D(R) denote the derived category of R-modules, and '≃' means an isomorphism in D(R).
The Loewy length of an R-complex L is the number
The homotopical Loewy length of an R-complex L is defined as
Given a finite sequence x ∈ R and an R-complex L, we write K[x; L] for the Koszul complex on x with coefficients in L.
We will need the following invariant defined in [8] :
From Proposition 2.2 it follows that c(R) is finite for any R.
We'll also need the following proposition: 
by Proposition 2.2. Thus we have the following isomorphisms in D(R):
where the last isomorphism follows as any k-complex is isomorphic to its homology in D(k). Taking homology of the left-hand side, we get the desired result.
Part (c) is proved similarly.
(a) If there is an integer t such that Tor
Parts (a) and (c) are proved similarly.
We recall the following proposition from [7] :
For a complex L we let fd R L and id R L denote the flat dimension and injective dimension, respectively, of L. We'll need the following results from [5] : 
Applications to contracting endomorphisms and Gorenstein rings
We now apply the results in section 2 to contracting endomorphisms. An endomorphism φ of a local ring (R,
(a) If there exists an integer t inf H(M ) + sup H(L) such that Tor
R i ( φ M, L) = 0 for t i t + d then fd R L < t + d − inf H(M ). (b) If there exists an integer t inf H(M ) − sup H(L) such that Ext i R ( φ M, L) = 0 for t i t + d then id R L < t + d − inf
H(M ). (c) If there exists an integer t d+sup H(L)−inf H(M ) such that Ext
Proof. For part (a), let (S, n) be the local ring (R, m) viewed as an R-algebra via φ and let d = dim R. Viewing φ M as an S-complex and applying Lemma 2.5(a), we obtain that Tor 
Then R is Gorenstein.
Proof. For part (a), note that the hypotheses on L imply k ⊗ L R L = 0 (see Remark 2.9). The consecutive Tor vanishings imply that L has finite flat dimension by part (a) of Proposition 3.1. By Proposition 2.8, we obtain that R is Gorenstein. Parts (b and (c) are argued similarly.
For a local ring R let E R denote the injective envelope of its residue field. If R is Gorenstein then pd R E R = fd R E R = id R R = dim R. (The first equality is by [22 
We now specialize our results to the case where R has prime characteristic p and the contracting endomorphism is the Frobenius map. Let f : R → R be the Frobenius endomorphism and M an R-module. For an integer e 1 we let e M denote the R-module 
is bounded below and degreewise finitely generated, and
Proof. The proof of part (a) largely follows that of [8, Theorem 1.1: (1) ⇒ (2)]. Let e > 0 be an integer and assume fd R L < ∞, in which case we have s := sup H(L) < ∞. If fd R M = ∞ there is nothing to prove, so we assume t := fd R M < ∞. Hence, sup H(M ) = sup H( e M ) < ∞; consequently, by [12, 1.5] 
We need to show r t + s. Again, if r = −∞, there is nothing to prove, so we assume r is finite. Let p ∈ Ass R Tor r ( e M, L). Since fd Rp M p t and sup H(L p ) s , it suffices to prove r t + s in the case (R, m, k) is local and m ∈ Ass R Tor r ( 
This gives the desired result.
For part (b), as e R is a finitely generated R-module, we have that H( e M ) is degreewise finitely generated. If fd R M = ∞ or L ≃ 0 in D(R) there is nothing to prove. Hence, we may assume fd R M < ∞ and inf H(L) < ∞. Hence H(M ), and thus H( 
The result now follows from part (a).
Before stating the next corollary, we set some terminology and notation. Again, we let (R, m, k) be a local ring. Recall (e.g., [5] ) that an R-complex D is dualizing if H(D) is bounded and the homothety morphism R → RHom R (D, D) is an isomorphism in D(R); such a complex exists if and only if R is the quotient of a Gorenstein ring ([15, Theorem 1.2]). We say that a dualizing complex D is normalized if sup H(D) = dim R. A normalized dualizing complex for R, if it exists, is unique up to isomorphism in D(R) and will be denoted by D R . When R is Cohen-Macaulay and a quotient of a Gorenstein ring, we let ω R denote the canonical module of R, in which case
. If x is a system of parameters for R, we let C(x) denote theČech complex of R on x, with the convention that inf H(C(x)) = − dim R.
We now highlight several (of many possible) consequences of Theorem 3.2 and Proposition 3.4: We prove one final criterion for Gorensteinness of a somewhat different flavor. Let (R, m, k) be a local ring and φ : R → R be a contracting endomorphism. Endow φ R with an R − R bimodule structure given by r · s := φ(r)s and s · r := sr for all r ∈ R and s ∈ φ R. Then F φ (−) := − ⊗ R φ R is an additive right exact endofunctor on the category of right R-modules. For a finitely generated R-module M , we let µ R (M ) denote the minimal number of generators of M . Lemma 3.6. Let R and φ be as above and M a finitely generated R-module. Then:
Proof. Part (a) is clear, as . By Lemma 3.6(b) and Nakayama's lemma, µ R (ω R ) = µ R (F φ (ω R )) = µ R (ω n R ) and hence n = 1. We claim K = 0. If not, let p ∈ Ass R K. Then p ∈ Ass R ω R = Min R R. By Lemma 3.6(c), Supp R F φ (ω R ) = Supp R ω R = Spec R. Hence, F φ (ω R ) p = 0 and id Rp F φ (ω R ) p < ∞. Since dim R p = 0, F φ (ω R ) p ∼ = ω ℓ Rp for some ℓ 1. As F φ (ω R ) p is a homomorphic image of (ω R ) p ∼ = ω Rp , we see that ℓ = 1. Hence, K p = 0, a contradiction. Thus, K = 0 and F φ (ω R ) ∼ = ω R . By part (d) of Lemma 3.6, we obtain that ω R is a free R-module. Hence, R is Gorenstein. 
